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Abstract

Comparatie analysisof metabolicpathwaysin differentgenomesangive insightsinto the under
standingof evolutionaryand organizationakelationshipsamongspecies.This type of analysisallows
oneto measurehe evolution of completeprocessegwith differentfunctionalroles)ratherthantheindi-
vidual elementf a corventionalanalysis.We present new techniqueor the phylogeneti@analysisof
metabolicpathwaysbasednthetopologyof theunderlyinggraphs A distanceneasurdetweergraphs
is definedusingthe similarity betweemodeof the graphsandthe structuralrelationshipbetweerthem.
This distancemeasuras appliedto the enzyme-enzymeelationalgraphsderivedfrom metabolicpath-
ways. Using this approachpathwaysandgroupof pathwaysof differentorganismsare comparedo
eachotherandtheresultingdistancematrix is usedto obtaina phylogenetidree. We applythe method
to the Citric Acid Cycleandthe Glycolysispathwaysof differentgroupsof organismsaswell asto the
Carbohydrateand Lipid metabolicnetworks. Phylogenetidreesobtainedfrom the experimentswere
closeto existing phylogeniesandrevealedinterestingrelationshipsamongorganisms.

1 Intr oduction

Evolutionary and organizationalrelationshipsamongspecieshave beeninvestigatedfor seseral decades.
Mostof thesestudieperformaphylogeneti@analysisof DNA or proteinsequencet® studytheevolutionary
history of organismdrom bacteriato humang33, 39]. Thesemethoddeadto a phylogenetidreein which
thenodegepresentlifferentspeciesandthe edgesepresenancestryrelationships.

Understandingf evolutionaryrelationshipsnay be further expandedoy comparinghigherlevel func-
tional componentamongspeciessuchasmetabolicpathways. In suchpathways,enzymessubstratesand
reactionsare groupedconceptuallyinto networks as part of a dynamicinformationprocessingystem. A
metabolicpathwaysis a seriesof individual chemicalreactionsn a living systemthatcombineto perform
one or more importantfunctions(viz., glycolysisandKreb's cycle). Comparatie analysisof metabolic
pathwaysin differentgenomesyields importantinformationon their evolution. Studiesin this direction
focusingonindividual pathways[15, 16, 17] or onthe entiremetabolicrepertoirg30] have beenattempted.
Suchanalysisallows us to measurethe evolution of completeprocessegwith differentfunctionalroles)
ratherthantheindividual element®f corventionalphylogenetianalysis.

In thispaperwe presentitechniqudor constructingaphylogenetidreeusingthestructurainformation
inherentin the metabolicpathvaysof differentorganisms.To this end,we presentanen graphcomparison
algorithmfor computingthe evolutionary distancebetweentwo pathways. Sinceevolutionarydistanceis
basedn the divergenceof the elementsonstitutingthe pathvaysaswell asthe divergenceof the network



structure we combineboththeseaspectsn formulatinga measuref the distancebetweerpathways. The
formeraspecof thedistancej.e., the similarity betweentwo enzymescanbe definedusingthe sequence
similarity of the correspondingenesopr structuresimilarity of the correspondingroteins,or the similarity
betweenEC (EnzymecClassificationnhumberof the correspondingeactiong34]. For the latter aspecif
thedistancgbasecdn network structure) we usea heuristichasedn randomwalks[19, 28].

Beforewe applythe graphcomparisoralgorithm,theinformationin a metabolicpathway or a groupof
pathwaysis abstractedhto anenzymegraph An enzymegraphremorestheinformationon metabolitesand
substrate$rom a pathway andconsideronly the orderof differentenzymegpresentn the pathway. Our
graphcomparisoralgorithmis usedfor a pairwisecomparisorof the enzymegraphsfrom differenttaxa.
Thisyields a distancematrix betweerthe organisms.A phylogenetidreeis constructedrom this distance
matrix usingexisting softwaretools.

We appliedourtechniqueo the GlycolysisandCitric Acid Cycle pathways,aswell asto themetabolic
networks composedf the CarbohydratendLipid metabolicpathways. The clusteringof organismsn the
resultingphylogenetidreeswasconsistentwith theexisting standardsln orderto evaluatethequality of our
phylogenetidrees,we alsouseda similarity metric;this metricdemonstratethatour approactis superior
to competingechniques.

This paperis organizedasfollows. Section2 summarizeshetraditionalphylogenetidreeconstruction
algorithmsand existing techniquedor comparatre analysisof metabolicpathways. Section3 describes
our phylogenetictree constructionalgorithm, from extraction of enzymegraphsto graphcomparisorto
tree building. Section4 presentghe detailsof the graphcomparisoralgorithm. Section5 describeghe
experimentatesultsusingthe GlycolysisandKrebsCitric Acid Cyclepathvways,aswell astheCarbohydrate
andLipid metabolicnetworks, on a varying numberof organisms.We concludewith a brief discussiorin
Section6. A proof of convergenceof our graphcomparisortechniqueappearsn anAppendix.

2 RelatedWork

To studythe evolutionaryrelationshipsetweenorganisms yariousmethodscanbe emplg/ed to estimate
when the speciesmay have diverged from a commonancestar Having this information allows one to
constructa phylogenetidreein which speciesarearrangedn brancheghatlink themaccordingto their
evolutionary descent. The most popularand frequentlyusedmethodsof tree building can be classified
into two major catgyories[33, 39]: pheneticmethodsbasedon distancesand cladistic methodsbasedon
charactersTheformermeasureshe pairwisedistance/dissimilaritypetweertwo organismsandconstructs
the tree totally from the resultantdistancematrix. In the latter, treesare calculatedby consideringthe
variouspossibleevolutionsandarebasedn parsimowy or likelihoodmethods Theresultingtreeis theone
thatoptimizestheevolution.

2.1 Phylogenetictreesbasedon DNA and RNA sequences

Constructiorof phylogenetidreesfor agroupof taxarequiresdatafor eachof thetaxathatcontaininforma-
tion abouttheir evolutionaryhistory Historically, morphologicaldatawasusedfor inferring phylogenies.
However, thealundanceof DNA/RNA sequenceéatacurrentlyavailablefor a variety of organismshasled
to phylogenetidnferencebasedon thesedata. Most of the phylogelty algorithmsrely on multi-sequence
alignments[13] of cautiouslyselectedcharacteristicsequencessequencesf a single protein or single
genefrom eachorganism.Numerousstudieshave usedthe RibosomalRNA 16Ssequencedecausehese
sequencesxist in all organismsandarehighly consered[12, 31].

However, in spiteof the succes®f rRNA microbialtaxonomy the evolutionaryrelationshipsetween
majorgroupsof organismsarestill uncleambecaus@hylogeneti@analysisof singlegenesequenceksicksthe



informationto resohe deepbranchesn thetree.Further misalignmentanddiffering evolutionaryratescan
resultin phylogenetidreeswith thewrongtopology Therecentlycompletedsequencesf severalorganism
genomeprovide anenormousmountof datawith which to addressomeof theseproblems.Phylogenetic
analysiscanalsobe performedusingthewholegenomg14, 29], leadingto moreprecisestudies However,
only alimited numberof genomesequenceareavailableto date,andhencetheresultsof suchtechniques
may not berepresentate of thewholepicture.

2.2 Phylogenetictr eesbasedon metabolic pathways

Metabolismis definedasthe setof complex physicalandchemicalprocessefvolved in the maintenance
of life. It is comprisedof a vastrepertoireof enzymaticreactionsand transportprocessesisedto con-
vert thousandsf organic compoundsnto the variousmoleculesnecessaryo supportcellular life. The
metabolisnof eachorganismis subdvidedin differentmetabolicpathways. Eachmetabolicpathvay is a
seriesof individual chemicalreactionsin a living systemthat combineto performone or moreimportant
functions. The productof onereactionin a pathway senesasthe substratdor the following reaction.Re-
cently a few methodsthat useorganisms'metabolicpathwaysto computea phylogeneticree have been
proposed15, 16, 17, 30, 47]. Comparatie analysisof the pathways canshedimportantinformationon
evolution, and allows the analysisof completeprocessesatherthanthe individual elementgypical of a
conventionalphylogeneti@analysis.

Liao etal. [30] have developedacomputationainethodto compareorganismsbasednwholemetabolic
pathway analysis. The presencendabsencef metabolicpathwaysin organismss profiled asa boolean
vector Basedon this methodologyand usingsomespecificdistancemeasure®n theseprofiles, pairwise
comparison®f asetof completedgenomesreperformed andphylogenetidreesareconstructedisinghi-
erarchicaklustering.Theresultsprovide a perspectie ontherelationshipamongorganismghatis different
from corventionalphylogenetidreesbasedn 16srRNA.

ForstandSchulter[15, 16, 17] alsoextendcornventionalphylogeneti@nalysisof individual elementsn
differentorganismgo the organisms'metabolicnetworks. They outline a methodthatcombinessequence
informationof enzymeswith informationof the underlyingnetworks. A global distancebetweerpathvays
is definedusingdistancedetweersubstratesinddistancedetweercorrespondingnzymes.The analysis
is appliedto a variety of networksyielding a comprehense understandingf similaritiesanddifferences
betweerorganisms.Our work is differentin thatwe usethe structureof the network to computedistances,
not merelythe presence/absenocéenzymes.

Tohsatoet al. [47] presenta methodfor the comparatie analysisof genomesandmetabolicpathways
basedon similarity betweergeneordersandenzymaticreactions.To measurdhe reactionsimilarity, they
formalizea scoringsystemusingthe functionalhierarchyof the EC numbersof enzymes.They usea dy-
namicprogrammingasedechniqueo aligntwo or morepathways. Thesimilarity scorebetweerpathvays
is expressedistheinformationcontentof theiralignment.They applytheiralgorithmto themetaboligpath-
waysin Escherichiaoli. Unfortunatelytheir algorithmdoesnot considebranchingpathwaysthatoccurin
somemetabolicpathways,it canonly beappliedto aline graph.

2.3 Pathway databases

A large numberof metabolicpathway databasearecurrentlyavailable,viz., Kegg, EcoCyc,andWIT. The
Kyoto Engyclopediaof Genesand GenomegKEGG) [1, 24, 37, 38] sener is a repositoryof metabolic
pathwaysfor organismswith completelysequencedgenomes. KEGG providesinformationon molecular
andcellularbiology in termsof the informationpathwaysthatconsistof interactingmoleculesor genes.It
alsoprovideslinks from the genecatalogsproducedoy genomesequencingrojects. The KEGG database
providesmetaboligpathway mapsandregulatorypathwaysmapswhich canbeviewedin termsof aspecific



organism. It provides enzymedatawith links to pathways, genes disease¢OMIM database)motif and
PDB (ProteinDataBank)structuresWe usethe Keggdatabas@ our studyto obtainmetabolicpathwaysof
differentorganismsaswell asinformationabouttheenzymegpresentn thepathvwaysandtheir classification.

EcoCyc|2, 25, 26] wasoriginally a databasdor metabolicpathwaysin EscherichiaColi. It hasbeen
extendedto othermicrobial organismsto producethe databaséMetaCyc. The databasés basedon pub-
lishedexperimentaldataand,unlike KEGG, alsoincludesinformationaboutgeneshat have not yet been
sequencedut whosefunctionhasbeencharacterizethy geneticandbiochemicabpproaches.

WIT (Whatis There)[3] is anotherdatabasevhich providesinformationon geneand operonorgani-
zation, aswell asinformationaboutmetabolicnetworks for completelyor partially sequencedenomes.
Currently53 genomesf microbial origin andone of a multicellular organismare accessiblevia the WIT
system.Of thesegenomes42 have beencompletelysequencedndthe remainingare subjectsof ongoing
sequencingprojects.

Themaindifferencebetweertheabove databaseis in thewayapathway s built for differentorganisms.
In Kegg, pathwaysare consensugiews not specificto a particularorganism.For eachconsensupathvay
view, enzymeghoughtto exist in a particularorganismcanbe highlighted.In WIT, consensusiews exist,
but pathway collectionsare organizedby species. In EcoCyc, eachdatabaseés specificto a particular
organism.It hasthe adwantageof beingexperimentallyverified.

2.4 Graph comparisontechniques

Theproblemof computingsimilarity betweergraphshasbeenstudiedn variousdomains:structuralpattern
recognition,computervision, schemacomparisorin databasestc. SanfeliuandFu [44] groupdistance
measuresn graphsinto two cateories:

e Feature-basedistancesA setof featureds extractedfrom eachgraph.Thesefeaturesarecombined
into a vectoron which existing distancemeasureg¢suchasEuclidean)anbedefined10].

e Cost-basedlistances:The distancebetweentwo graphsmeasureshe numberof modifications[8]
requiredin orderto transformthe first graphto the secondgraph. A setof edit operationssuchas
deletion,insertion,andsubstitutionof nodesandedgesaredefined,andthe similarity of two graphs
is computedastheleastcostsequencef edit operationghattransformsonegraphinto the other

As an example of the first cateyory of distancesPapadopoulosnd Manolopoulos[40] constructa
featurevectorfor agraphby calculatingthe degreeof eachvertex in thegraph.Dueto errorsanddistortions
in theinput dataandthe graphmodels,approximateor errortolerantgraphmatchingmethodsare needed
in mary applications.The secondcateyory of distancemeasureslealswith this problemwell. Shashaet
al. [49] definean edit distancebetweenConnectedJndirectedAcyclic graphswith Labellednodesbeing
(CUAL). Sincecomputingthis distanceis NP-completethey proposea constrainedlistancametric, called
the dggree-2distance py requiringthatarny nodeto beinserted(deleted)have no morethan2 neighbors.
With this metric,they presentinalgorithmto solve the problem.

In additionto thesetwo cateyories,graphmatching[11] and subgraphisomorphism[48, 41] arefre-
guently usedto comparegraphs. Bunke and Shearer{9] defineda graphdistancemetric basedon the
maximalcommonsubgraph.The main problemwith subgraphisomorphismis thatit is an NP-complete
problent.

Severalapproachebave beendevelopedrecentlyfor computingstructurakimilarities.Melnik etal.[32]
find thebestmatchingbetweenwo graphausinganiterative fixpoint computation.Theirtechniqueconsiders

IMatchinglabeledgraphsis not a hardproblemwhenthe matchingbetweerabelsis oneto one. But whenthatis notthe case
andadistancemeasuras definedon thelabels,the problemagainbecomedlifficult.



thenodesof two graphsto be similar whentheir adjacennodesaresimilar. Unlike our approachthey only

considersimilaritiesof the “out-neighbors”and“in-neighbors”;our techniquancorporateghe similarities
of missingingoing andoutgoingedgegoo in the computatiornof the nodessimilarities. They alsodo not

definea distancemeasurebetweenthe two graphs,concentratingnsteadon finding the optimal mapping
betweennodes. In a similar vein, JehandWidom [23] definea similarity measurebetweerthe nodesof

a given graph. The intuition behindtheir algorithmis that “two objectsare similar if they arerelatedto

similar objects”. Similarity measuredetweerntwo nodesaredefinedby the similaritiesof the nodeswhich

referto thesenodes. This approachdefinessimilarity betweemodesof a graphandnot betweengraphs,
aswe proposein this paper BlondelandVanDooren[7] definea conceptof similarity betweenverticesof

directedgraphs.Thesimilarity scoredetweenwo nodesaredefinedby the similaritiesof theancestorand
descendantsf the nodes.They shav thatthe similarity scoresaregiven by the component®f a dominant
vectorof a non-ngative matrix andproposeaniterative methodto computethem.

3 Our algorithm

We divide the processof building phylogenetidreesfrom metabolicpathwaysinto threesteps.In thefirst
step,enzym@raphsareconstructedor aspecificmetabolicpathway from a setof organismsunderstudy In
thesecondstep pairwisecomparisorof theseenzyme-enzymeelationalgraphss performed.Thisyieldsa
distancematrix betweerorganisms Usingthis matrix, aphylogenetidreeis computedn thefinal stepwith
the helpof existing softwarepackagesOncea phylogenetidreehasbeenobtained we computets quality
by comparingt with existing standardsuchastreesbasedon 16SrRM\ andNCBI's classification.These
stepsaredetailednext.

3.1 Obtaining enzymegraphsfrom pathways

The collection of reactionsand enzymesthat an organismusesto achiere a certain metabolicfunction
determineshe architectureandtopologyof the pathway. Metabolicpathwayscanbe abstractecsreaction
graphs(networks)with specificgraph-topologicainformation,suchasconnectiity. A metabolicpathway
can be representeds a directedreactiongraphwith substratess verticesand directededgesdenoting
reactionglabelledby enzymeshetweerthevertices.

Given a pathway or a group of pathways, we extract binary relationsbetweenenzymed35, 18] as
follows. Two enzymesarerelatedif they activate reactionswhich shareat leastone chemicalcompound,
eitherassubstrateor asproduct. In theenzymegraph G = (V, E) for a given pathvay P, the vertex set
V' consistoof the enzymegpresenin the pathway P andthe setof edgesE representhe enzyme-enzyme
relationshipof the pathway. Thereexistsadirectededgefrom enzymee; to enzymees in G if e; actvates
somereactionA — B (with substrated and productB) andes actvatessomereactionB — C (with
substrate3 andproductC).

Ogataet al. [36] modelmetabolicpathwaysin a similar manner Eachmetabolicpathway is treated
asa graphwith enzymegqgeneproducts)as verticesand chemicalcomponentsas edges. Two adjacent
verticesrepresentinguccessie enzyme®r reactionstepsn the pathway areconnectedy atleastoneedge
representing specificchemicalcompoundwhich is both a substrateof onereactionanda productof the
otherreaction.

3.2 Pairwise comparisonof enzymegraphs

Eachenzymegraphis specificto a particularorganism.A distancematrix betweerorganismscanbe com-
putedby performinga pairwisecomparisorof thesegraphs For this,we useanew algorithmthatcombines



similarity betweenobjectsrepresentethy the nodesof the graphsandinformationon the structureof the
enzymegraph.Thealgorithmis detailedin Sectior4.

To definea similarity measurebetweenthe enzymesof the graph, different notionsof relationships
betweemodesof the graphs(enzymesanbe exploited: sequencaimilarity of the correspondingyenes,
structuresimilarity of the correspondingproteins,or similarity betweenEC (EnzymeCommission34])
numbers.The EC identifier of an enzymeconsistsof four digits that cateyorize the type of the catalyzed
chemicalreaction.In the experimentakesultspresentediater, we usethis information. We usea similarity
valueof 1if all thefour digits of thetwo reactionsareidentical,0.75if thethreefirst digits areidentical,0.5
if thetwo first digits areidentical,0.25if thefirst digit is identical,andO if thefirst digit is different.

By applyinga pairwisecomparisorto a setof N enzymegraphswe getan N x N similarity matrix.
The similarity scoresrangingfrom -1 to 1 canbe interpretedasdistancesy usingthe following formula:
distance = 1—score. Two identicalgraphswill have adistanceof 0. An N x N distancematrixis obtained
in thismanner

3.3 Building phylogenetictr eesfrom distancematrices

Fromthecomputedlistancenatrix,we constructaphylogenetidreewith hierarchicatlusteringalgorithms.
Thesemethodsconstructa tree by linking the leastdistantpair of taxa, followed by successiely more
distanttaxa. Thereis a wide variety of distance-basedlusteringalgorithms,eachbasedon a different
setof assumptions.The simplestof theseis UPGMA (UnweightedPair Group Method using Arithmetic
averages)45]. In this techniquethe two closestpair of organismsare megedinto a nev nodeandthe
distancego the melged node are recomputedvia the meanof the pairwisedistancego the leaves. By
repeatinghis processwe obtainthe neededlendrogram Anothervery populardistancemethodis the NJ
(NeighborJoining)Method[43]. This methodattemptgo correctthe UPGMA methodfor its (frequently
invalid) assumptiorthat the samerate of evolution appliesto eachbranch. NJ startsby correctingthe
distancematrix for overall divergencefrom othertaxa. Theleastdistantpairsof nodegmostcloselyrelated
taxa)are connectedtheir commonancestrahodeis addedto the tree,andthe terminalnodesare pruned
from thetree. This continuesuntil only two nodesremainandall taxaareconnectedThis methodyieldsan
unrootedree.

We usethePhylip (phylogenetiinferencepackagg4] to constructhephylogenetidrees.Thispackage
offers different programsfor phylogeneticgraphconstruction. Our treeswere constructedusingthe NJ
method. The treesreturnedby the this methodare unrooted. We rerootthesetreesusing the Midpoint
rootingmethodthatchooseghe centroidof atreeastheroot. Thetreesarethenrenderedasgraphicsusing
PhyloDraw [5].

3.4 Computing the quality of phylogenetictrees

In orderto judgethequality of our constructedrees we needa mechanisnto comparehe similarity of our
treesto existing standardsln this way, we canalsocomparehe quality of our treeswith thoseproducedoy
competingechniquesWe usea software packagecalledcousing6] to comparehe similarity of two trees.
Thistool performsunorderedreecomparisorbasedn cousindistancesassiblingis acousinof degree0, a
nephev is a cousinof degree0.5, afirst cousinof degreel andsoon. Two treesarecomparedasednthe
setof pairsof eachdgyree.

4 A newalgorithm for computing similarity betweengraphs

We begin with somebasicdefinitions.



Definition 4.1 A directedgraph G is a 3-tupleG = (V, E, \), whee V is the setof vertices(nodes),
E CV x Visasetofedges,and ) : V — Ly is a functionassigningabelsto thevertices.If V' = (), then
G is theemptygraph. If for everyedee (a,b) € E, ther existstheede (b, a) € E, thenthegraphis said
to beundirected.A graphis weightedf a costfunctionc : £ — R hasbeendefined.

Definition 4.2 A graphcanberepresentedy its adjacencymatrix. If thegraph G hasn verticesthenthe
adjacencymatrixis ann x n matrix A definedby

. [1ifisjinG
A(i, 7) _{ 0 otherwise (1)

If a graph@ is undirected thenits adjacencymatrixis symmetric.

Definition 4.3 A matding betweertwo graphsG; = (Vi, E1, A1) with |V1| = ny and Gy = (Va, Ea, A\2)
with |V2| = ng consistsof a one-to-onemappingM which associatewerticesof G; to verticesof Ga.
Geneally, the mappingis expressedas the setof ordered pairs (a,b) (witha € Gy andb € G3). The
mappingcan be expresseddy an n; x ne mappingmatrix M wheee the entry M (a, b) witha € G; and
b € G isdefinedas:

1 if ¢ andb are matded
M(a,b) = { 0 otherwise (2)

The matchingproblembetweenwo graphscanbe solved usingthe well-knovn matchingproblemin
bipartitegraphg20, 27,42]. Sucha bipartitegraphis formedby pairingup the nodesfrom onegraphwith
thoseof theothergraph.Theweighton the edge<f the bipartitegraphis basedn the similarity of thetwo
pairsof nodes First, we definea bipartitegraphandthe notion of matchingon bipartitegraphs.

Definition 4.4 A bipartite graphG = (V1,V,, E) (E C Vi x V3) is a graphwhoseverte setV canbe
partitionedinto two subsetd/; andV; in sud a waythateveryedge of G joinsa vertexin V; to avertein
V5. Notwo verticeswithin the samesetare adjacent.

Definition 4.5 A matding in a bipartite graphG = (V1, V2, E) is a setof edges E' C E in which with
no two edgesshae a commornvertex. Theweightof the matdingis the sumof theweightsof the edges. A
maximumweightmatding is onewith the maximumweightover all matdings.

The algorithmfor computingthe similarity betweentwo graphsG; and G, is divided in four phases.
In the first phasethe similarity scoreshetweenevery pair of nodes(a, b) wherea € G, andb € G2 are
computeddy aniterative process.In the secondphasewe constructa bipartitegraphusingthe similarity
scoresandfind a maximalweightmatchingof this bipartitegraph.In thethird phasea similarity measure
betweenrevery pair of matchedhodesis recomputed Finally, a similarity scorebetweerthe two graphsis
computedoy summingthe similarity of the matchedhodesandby normalizingthis sum. We now present
thedetailsof eachphase.

4.1 Obtaining similarity scoresbetweennodes

Let Gy = (V4, E1, A1), where|V;| = ny, andGy = (Va, Eg, \2), where|Va| = ng, betwo directedgraphs.
G, andG, arerepresentedy theiradjaceng matrix A; (n1 x n1) andAs (ng x ng). A ny X ng Similarity
matrix S, wherethe entry S(a, b) expresseshe similarity betweerthenodea € G andnodeb € G, is



obtainedasthelimit of a cornverging iterative proces$. The similaritiesbetweenevery pair of nodes(a, b)
wherea € G andb € G arecomputedsimultaneously

Wefirst definea similarity scoreSim betweerevery pair of objectsrepresentetly thenodesof thetwo
graphs.In the caseof the enzymegraphsthe similarity betweenenzymesanbe definedin a numberof
ways,viz. identity mapping sequencsimilarity, or structuralsimilarity. The similarity betweerevery pair
of nodes(a, b) of G1 andG> is thendefinedby combiningthe notion of similarity betweerthe objectsthe
nodegepresenandthesimilarity of their neighborhoodThebasicintuition behindtheapproachs thattwo
nodesaresimilarif they referenceandarereferencedy similar nodes.

The similarity scoresbetweemodes,S(a, b), areinitialized with Sim(a, b), andthenupdatedsimul-
taneouslyaccordingto the following mutually recursve rule: two nodesaresimilar if they link to similar
nodesarereferencedy similar nodeshave bothmissingingoing (outgoing)edgedrom (to) similar nodes
andhave mismatchedetweenedgesfrom (to) dissimilarnodes. The similarity betweerntwo nodes(a, b)
is computedoy summingtheir similaritiesandsubtractingheir dissimilarities. The former consistsof four
terms,A;—A4, andthelatterconsistof four terms,D;—Dy. Thefirst four termsrepresenthe similarity be-
tweenthepresencandabsencef edgefrom andto similarnodeswhile theremainingfour termsrepresent
themismatchebetweertheseedgesThesetermsarenow discussedh detail.

Term A1 (a, b) representthe averagesimilarity betweerthein-neighborof o (nodesfrom which a has
incomingedgespndthein-neighborof b. Wefirst obtainthesumof similaritiesof the pairof nodegas, b2)
(with ag € G1 andby € G5) from which a andb have incomingedges.We normalizethe sumby dividing
it by the total numberof in-neighborpairs, deg;, (a).degi, (b) (degin(a) denoteghe numberof incoming
edgedo nodea.). A slighttechnicalityhereis thateithera and/orb maynot have ary in-neighborslf both
a andb have anin-degreeof 0, thentheterm 4, is definedasthe sumof similaritiesof every pair (a9, b2)
(with a2 € G1 andby € G9) normalizedby thetotal numberof suchpairs,n; x ns. If only oneof themhas
anin-degreeof 0, then A, is setto 0. Hereis the mathematicatlefinition:

k(q. .
© 2 as—aba—sb degi(z(z(;ffelﬁi(b)‘ if degin(a) # 0 anddeg;, (b) # 0
J— k .
A1 (a’ b) o ZazEGhszG& Sng(;z;zbzz) i degm (CI,) - degm(b) =0 (3)
0 otherwise

whereas € G1,by € Go. Notationa, — a meanghereexistsanedgefrom as to a.

Term As(a, b) representshe averagesimilarity betweerthe out-neighborof a (nodesto which a has
outgoingedges)andthe out-neighborf b. It is computedover the pair of nodes(as, b2) (with ay € G
andb, € G2) to whichthenodesz andb have outgoingedgeslt is definedanalogouslyo A;:

k .
) Za—)@,b—)bz % if degout(a) # 0 anddegout(b) # 0
— k(qe .
A3 (a’b) B EazEGhszGg Sng(zﬁbj) if degout(a) = degout(b) = 0 (4)
otherwise

wheredeg,,:(a) is thenumberof outgoingedgedor a.

The next two termsare motivated by the fact that the absenceof edgesto similar nodesmay be as
meaningfulasthe presencef edgesto similar nodes. Term As(a, b) is similarto A;(a, b) exceptthatit
works on the complementof the input graphs. It representshe averagesimilarity betweenthe non-in-
neighbor=f a (nodesrom which a hasnoincomingedges)andthe non-in-neighboref b. We first obtain
the sumof similaritiesof the pair of nodes(as, b2) (with as € G1 andby € G2) from which the nodesa
andb have noincomingedges.The sumis normalizedby dividing by the total numberof non-in-neighbor
pairs,(n1 — degin(a)).(n2 — degin (b)). Themathematicatiefinitionis asfollows:

20ur proof of convergencein the Appendixrequiresthat the graphsbe connectedhowever, the algorithm corvergesrapidly
evenfor disconnectedraphs.



k .
Zagﬁa,bzﬁb (n1fdegmiaé?.?::)fdegm(b)) if degin (a’) 7 m anddegm(b) 7# Mo

(k) _ a .
A3" (a,b) = 2 ar€G1,b2€Go Sngfﬁ?) if (n1 — degin(a)) = (ng — degin (b)) =0 ()

0 otherwise

whereay /4 a meanghereis no edgefrom as to a.

Term A4 (a, b) representshe averagesimilarity betweerthe non-out-neighborsf a (nodesto which a
hasno outgoingedgesndthe non-out-neighboref b. It is computedver the pair of nodes(as, by) (with
ae € G andbs € G2) to whichthenodesas andb have no outgoingedgeslt is definedanalogouslyo As:

Sk (as,b .
(k) Ea%)a%b%)bz (n1—degout(aé?.z(nj)—degom(b)) if degOUt(a’) # ni anddego’dt(b) # no
Ay (a,b) = S scGrpacs 2] it (n1 — degous(a)) = (na — degour()) = 0
otherwise

(6)

Term D4 (a, b) representshe dissimilarity betweemodesa andb on accountof theincomingedges.it

is computedverthepairof nodegas, by) (wWith as € G andby € G3) from whichnodea hasanincoming
edgeqas — a) butb doesnot (b, /4 b):

k(as, .
. S assabasd (degm(aig.:(nél?egm(b)) if degin(a) # 0 anddeg, (b) # no
Dy (a,b) = SaseG1bacs msens i (degin(a)) = (n2 — degin(®)) =0 ()
0 otherwise

Term Dy (a, b) is the analogueof D (a,b). It considerghe similarity of nodesfrom which ¢ hasno
incomingedgedout b does:

Sk (az,b2 :
© D as praba—b (mdegig,(ga))-(bcgegm(b)) if degin(a) # n1 anddeg;, (b) # 0
D; (a,b) = Ea2€G1,b2€G2 nglf;z;) if (nl - degin(a)) = (degm(b)) =0 (8)
0 otherwise

Term D3 (a, b) considerghe similarity of nodegsto which a hasanoutgoingedgebut b doesnot:

k(az, .
(k) Ea—)az,b%)bz (degout(aigk((nzzi[igegout(b)) if degout(a’) 7é 0 anddegout(b) 7é n2
Dy (a,b) = S ar€Gr ey ) it (degout(a)) = (n2 — degour(®) =0 ()
0 otherwise

Term Dy(a, b) is theanalogueof Dj3. It considerghe similarity of nodesto which a hasno outgoing
edgedout b does:

k(g .
Za7/->a2,b—>b2 (nl_degit%ai)’{)&}egout(b)) if degout(a') 7& ny anddegout(b) 7é 0

k .
EGQEGl,bQEGQ % if (’I’Ll - degout(a')) = (degout(b)) =0

0 otherwise

D{(a,b) = (10)



Thesimilarity scoresS(a, b) arecomputedy iterationto afixedpoint. Weinitialize thescoresS®(a, b)
to Sim(a,b). The scoresS+1)(a,b) arethenrecursiely computedbasedon S*. Sincewe are only
interestedn the relative scoresthe scoresare normalizedafter eachiteration. Hereis the outline of the

iterative process.

Initialization:
5%a,b) = Sim(a,b) (12)

Iterative step:
SE+ (g ) = Al(a,b) + A3(a,b) + A(a,b) + Ai(a,b) — D (a,b) — D5(a,b) — D5(a,b) — Di(a,b) Sim(a,b) (12)

4

Normalization:
S

[P

In equation(12), the similarity scoresS(a,b) are multiplied by Sim(a,b) in orderto combinethe
neighborhoodimilarity with the similarity of the objectsrepresentedly the nodes.Sinceeachof the four
termsA; to A4 andeachof thefour termsD; to D4 have arangebetween1 and1l, S(a, b) is alsodivided
by 4 in orderto have arangebetween1 and1. Fromthe equationswe seethatthe similarity scoresare
symmetric,i.e., S(a,b) = S(b,a). The convergenceof the above iteratve processs consideredn the
Appendix.

S « (13)

4.2 Bipartite graph matching

At the endof thefirst phasewe obtaina matrix S thatcaptureghe similarity betweenevery pair of nodes
of theinput graph. The secondpohaseusesthesesimilaritiesto find the bestmatchingbetweernthe graphs.
In orderto achieve this, we build a bipartitegraphandexecutea bipartitegraphmatchingalgorithm.Given
vertex setsV; of G; andV; of G, we constructa bipartitegraphG = (V1, V2, S) whereS is the similarity
matrix obtainedduringthefirst phase Oncethis bipartitegraphhasbeenbuilt, we find the bestmatchingof
the graphusingan O((n; + n2)?) Hungarianalgorithm[20, 27, 42]. With the bestmatchingso obtained,
we defineann; x ny boolearmatrix M whoseentry M (a, b) is setto 1 if nodesz andb have beenmatched.

4.3 Computation of similarity scoresbetweenmatchednodes

After we find the bestcorrespondenckeetweengraphsG; and Go, we needto obtainthe similarity score
for this correspondences in thefirst phasewe combinethe structuralsimilarity with the nodesimilarity
to computethis score. We performoneiteration of a systemof equationssimilarto A;—A4 and D,—Dy,.
The new setof equationsd’—A), and DD is similar to the previous (unprimed)one exceptthatwe use
M (a,b) insteadof Sim(a, b). We alsouseanev normalizatiorthatis squareroot of thepreviousone.This
is necessargincethe maximumsize of a matchingis the smallerof the input graphsizes;specifically if
agraphis comparedo itself then M (a, b) is given by the identity mappingsthe similarity terms A} —A/,
reduceto 1 andthedissimilaritytermsD}—D} reduceto 0.

, 2 ar—abysb \/% if degin(a) # 0 anddegin (b) # 0
A0 =3 Tosecimea oz it degin(a) = degin(b) = 0 (14)
0 otherwise
/ Za—)ag,b—)bz \/degjft((a;)’fi)j;am(b) if degout(a) # 0 anddegout(b) # 0
A0 =9 Torccrmeas ) it degout(a) = degour(b) = 0 (15)
0 otherwise
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M(a2,b2) i ) )
ZaQ%)a,lu%)b \/(”h—degin(a)).(nz—degm(b)) if degm (a) 7’5 1 anddegm (b) ;é 9

! o .
A3(CL, b) - Za2€G1,b2EG2 M,/r(z(ii:l;fg) if (nl - degm(a)) = (n2 - degm(b)) =0
0 otherwise
(16)
M(az,by) if d anddegoy; (b
2“7@“2’1’74172 \/(nl*degout(a)).(ﬂ&*degout(b)) I eQOUt(a) 7 1 eQOU’t( ) 7 2
! _ . .
A4(CL, b) o Za2€G1;b2€G2 M\M(Z(?X,I:lzz) if (nl - degout(a)) = (77,2 - degUUt(b)) =0
0 otherwise
(17)
( Moz by) if deg; 0 anddegin (b
Zaz—m,bzﬁb /(degin(@)).(n2 —degin (b)) if degin(a) # 0 anddegi, (b) # n2
! - .
Di(a,8) = | CascGibcts Vi f (degin(a) = (n> — degin(®) =0 (18)
L 0 otherwise
M{a2by) if deg; ddegin (b) # 0
Za27¢>a by —b \/ n1— degm(a ) (degm(b)) I eg'L'fL (a’) ;é ni an egln( ) ;é
! .
DZ(a’b) = EGQEGl,bQEGQ % if (nl - degzn(a)) = (degm(b)) =0 (19)
{ 0 otherwise
( Maz,by) if d 0 anddegou: (b
Za—)ag,bﬁbg \/(degout(a))-(nz—degout(b)) I egout(a) 7é an egout( ) 7é 12
/ _ .
Dife.b) = Sarerinen Yaris f (degour(@)) = (m2 — degous(8)) =0 (20)
L 0 otherwise
(¥ M(az:by) if degout(a) # n1 anddegoy: (b) # 0
G,7L>a2,b—)b2 \/ nl degout a)) (degout(b)) gout 1 gout
/! .
L 0 otherwise

Terms A]—A!, and D|-D), incorporatethe similarity and the dissimilarity of the bestmatchbetween
graphsG; andG,. We combinethesetermsandmultiply by the similarity of the nodesto obtainthefinal
valueof S(a, b):

All(aab) + AIQ(azb) + Ag(a, b) + Ail(a’ﬂ b) _ Dll (a: b) _ DIZ(a:b) _ Dé(aab) — Dil(a’ b) x Szm(a b) (22)
4 )

S(a,b) =

4.4 Computing graph similarity score

Finally, to getthe similarity scoreSg, ¢, betweenthe graphsG; and G4, we sumthe similarity scores
computedn the previous phaseover the pair of matchednodesandnormalizethe sumby the squareroot

of the productof the numberof nodesof G; andGs, in orderto have a similarity scorebetween1 and1.

WhenG; = Go, thesimilarity scorewill beequalto 1.

) _1S(a,b
So.0, = Zecutcaaten= S0 e
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4.5 An example

Weillustrateourgraphmatchingalgorithmwith thehelpof theCitric Acid Cyclepathwaysfor theorganisms
Escherichiacoli andMus Musculus. The metabolicpathvaysfor theseorganismsareshavn in Figuresl

and2. The correspondingenzymegraphsof the organismshave beenshavn in Figure 3. The enzyme
graphfor E. coli containsl4 enzymesandthe onefor Mus Musculuscontainsd enzymesAfter performing
thefirst two phase®f our technique(iterative computatiorof scoresandbipartitematching) theresulting
matchingbetweerenzymeof thetwo graphsresultsin tablel. Therealnumbersetweerparentheseare
the similarity measure®btainedin the third phase. Finally, the total similarity scorebetweenthesetwo

graphds computedn thefourth phaseo be0.38.

E. coli <+ Mus Musculus
1.1.1.371.1.1.37 (0.7)
1.1.1.421.1.1.42 (0.75)
1.24.2++1.1.1.41 (0.14)
1.3.99.1+ 1.35.1 (0.38)

1.8.1.4+1.8.14 (0.51)
4.1.1.49 4.1.1.32 (0.53)
4.1.3.7<4.1.3.7 (0.71)
6.2.1.5++6.2.1.4 (0.56)

Tablel: Matchingbetweerenzymesf E.coliandMusMusculus.
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Figure3: Enzyme-enzymeelationalgraphof Citratecycle (TCA cycle) pathway for MusMusculuga) and
Esderichia coli (b).
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4.6 Time Complexity

Let us analyzethe time compleity for computingSg,,¢,. The first phasehas a time compleity of
O(Kn?n3), whereK isthenumberof iterations. Theseconchasenasatime compleity of O((n; +ns2)?)
(graphmatching). The third phases O(maz(n1,n2)n1ny) andthe laststephasan O(1) cost. Thetotal
compleity is thereforeO(Kn2.n2 + (n1 + ng)?). Typically, the differentequationsconverge pretty fast
(K ~ 20 dependingn the sizeof the graphs) leadingto a cubictime compleity in the size of theinput
graphs.

5 Experimental results

CurrentlyKegg[1, 24, 37, 38| containsmetabolicpathvaysinformationfor 97 organisms;10 from eukary-
otes, 71 from bacteriaand 16 from archaea.We studies80 of theseorganismsin our experiments. An
overview of theseorganismgs shavn in table2. We constructeghhylogenetidreesfor four differentsetsof
theseorganismsaA first setof 72 organismsavasselectedy remaving all theorganismdrom the 97 Kegg's
organismswhich have lessthanthreeenzymespresenin the GlycolysisandCitric Acid Cyclepathways. A
secondsetof 48 organismswvasselectedy collapsingall organismswith exactly the samenetwork in the
Glycolysisand/orCitric Acid Cyclepathways. Thethird setof 16 organismss the setof organismsconsid-
eredby Liao etal [30]. Thefourth setis composeaf eightorganismsiwo of themarefrom the eukaryota
domain,two otheronesarefrom the archaealomain,andtheremainingfour arefrom the bacteriadomain.
For this setof eightorganismsphylogenetidreeswerederived by consideringa setof pathwaysinsteadof
asinglepathvay.

We evaluateathe effectivenesof ourtechniqueoy comparinghe producedhylogeniesvith the NCBI
taxonomy(or the 16SrRNA basedree),andobtaininga singlesimilarity measue. Comparatie evalua-
tion of our methodswas carriedout by examininga few otherexisting techniquescomparingtheir trees
againwith the NCBI taxonomyto obtaintheir similarity measuresandcomparinghe measuresvith those
produceddy ourtechnique.

5.1 Phylogenetictr eesbasedon the Glycolysispathway

Glycolysiswasoneof thefirst metabolicpathways studiedandis one of the bestunderstoodin termsof
the enzymesnvolved, their mechanismsf action,andthe regulationof the pathway to meetthe needsof
the organismandthe cell. The glycolytic pathvay is extremely ancientin evolution, andis commonto
essentiallyall living organismsit is foundin essentiallyall freeliving forms of organismsgconsered well
in thegeneticcode,andtheonly setof processe® occurin the Cytosol.

5.1.1 Phylogenetictreesfor the datasetsof 72 and 48 organisms

Figure4 depictsthe phylogenetidreecomputedor the setsof 72 organismsand48 organisms.With few
exceptionsgoingfrom 72 to 48 organismdlid not affectthe relative positionof the differentorganismson
the distancereesgeneratedby our approachThisindicatestherobustnesof our technique.In bothtrees,
organismswithin a samegenusarecloselyclusteredogether They typically have similar or even exactly
thesamepathway, andgethigh similarity values.ChlamedyaCPN,CPJ,CPA, CTR andCMU aregrouped
together proteobacteridetasubdvision NME andNMA are groupedtogether andso are E. Coli ECS,
ECO,ECJandECE.

In boththetrees(for 72 and48 organisms)we find separatelusterscorrespondingo thethreedomains
of life. In figure 4(a), we find two clustersof archaearganisms:oneclusterwith AFU, STO, PAB, PFU,
MJA, andMTH (with themethanobacteriunTH andthe methanococcuBlJA which formsasubcluster),
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o Domain:A..archaeaB..bacteriaE..eukarya? N; numberof enzymesn Citric Acid Cycle pathvay; ¢ No numberof enzymesn Glycolysis

pathway

15

| Code| Organism | D¢ | N? | N§ | Code| Organism | D¢ | N? | N§ |
HSA Homosapiens E | 14 | 25 || MMU Mus musculus E 9 24
RNO Rattusnoregicus E 8 20 DME Drosophilamelanogaster E 14 | 21
CEL Caenorhabditielegans E | 15| 21 ATH Arabidopsighaliana E 13 | 20
SCE Saccharomyceserevisiae E | 13 | 22 SPO Schizosaccharomyc@®mbe E 12 | 21
ECO Escherichiaoli K-12 MG1655 B | 14| 23 ECJ Escherichiacoli K-12 W3110 B 14 | 23
ECE Escherichiacoli 0157:H7EDL933 B | 14| 23 ECS Escherichiacoli 0157:H7Sakai B 14 | 23
STY Salmonellayphi CT18 B 14 | 23 ST™M SalmonellayphimuriumLT2 B 14 | 23
YPE YersiniapestisCO92 B 11 | 21 HIN HaemophilusnfluenzaeRd B 11 | 17
PMU PasteurellanultocidaPM70 B 11 | 19 XFA Xylella fastidioseéBa5c B 11 | 16
XCC Xanthomonagampestris B 11 | 20 PAE Pseudomonaseruginosd&A01l B 13 | 19
NME Neisserianeningitidis B 9 17 || NMA NeisserianeningitidisZ2491 B 9 17
RSO RalstoniasolanacearursMI1000 B 12 | 19 HPY Helicobacteipylori 26695 B 6 11
HPJ Helicobactepylori J99 B 6 10 CJE CampylobacterjejuniNCTC11168 B 10 | 12
MLO Mesorhizobiumoti MAFF303099 B 13 | 21 SME Sinorhizobiummeliloti 1021 B 14 | 22
ATU AgrobacteriuntumeficiensC58 B 12 | 20 ATC | AgrobacteriuntumefaiciensC58(Cereon)| B 14 | 20
BME Brucellamelitensisl6M B | 14| 20 CCR Caulobactecrescentus B 12 | 19
BSU Bacillussubtilis 168 B | 12 | 23 BHA Bacillushaloduran<C-125 B 13 | 21
SAU StaphylococcuaureusN315 B 12 | 24 SAV StaphylococcuaureusMu50 B 11 | 24
LMO ListeriamonogtogeneEGD-e B 7 22 LIN ListeriainnocuaCLIP 11262 B 7 22
LLA Lactococcusactis|L1403 B 8 21 CAC Clostridiumacetolitylicum ATCC824 B 7 19
TTE Thermoanaerobactegngcongensis | B 8 18 MGE MycoplasmagenitaliumG-37 B 1 14
MPN Mycoplasmgneumoniad1129 B 1 15 MTU MycobacteriuntuberculositH37Rv B 14 | 20
MTC | Mycobacteriuntuberculosi©cDC1551| B 14 | 20 MLE MycobacteriurmepraeTN B 11 | 16
SCO StreptomycesoelicolorA3(2) B 10 | 16 FNU Fusobacteriunmucleatum B 5 15
CTR Chlamydiatrachomatigseraar D) B 8 13 | CMU Chlamydiamuridarum B 8 13
CPN | Chlamydophilgpneumoniac€WL029 | B 8 13 CRA ChlamydophilgoneumoniaéR39 B 8 13
CPJ Chlamydophilgpneumoniad138 B 8 13 TPA TreponemaallidumNichols B 1 10
SYN Cyanobacteri®&ynechoygstis B 8 19 | ANA Anabaenap.PCC7120 B 8 20
DRA Deinococcusadioduransk1 B 13 | 19 AAE Aquifex aeolicusvVF5 B 9 12
TMA ThermotoganmaritimaMSB8 B 6 16 MJA MethanococcugnnaschiDSM2661 A 8 6
MAC MethanosarcinacetvoransC2A A 8 14 || MMA MethanosarcinanazeiGoel A 8 13
MTH thermoautotrophicurdeltaH A 9 5 AFU ArchaeoglobsfulgidusDSM4304 A 8 7
HAL Halobacteriunsp. NRC-1 A | 11 4 TAC Thermoplasmacidophilum A 10 | 13
TVO ThermoplasmaolcaniumGSS1 A | 10 | 13 PHO PyrococcusorikoshiiOT3 A 4 6
PAB Pyrococcusbyssipab A 4 7 PFU PyrococcuguriosusDSM3638 A 6 8
APE | CrenarchaeotAerop/rum pernixK1l A | 11| 13 SSO SulfololussolfataricusP2 A 12 | 12
STO Sulfolokustokodaii strain7 A | 12 | 10 PAI PyrobaculumaerophilumM2 A 9 13
Table2: Organismsstudied



(a) 72 organisms (b) 48 organisms

Figure4: Phylogenetidreesbuilt usingthe glycolysispathway for (a) 72 organismsand(b) 48 organisms.
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Technique 72 organisms| 48organisms
Ourtechnique 0.19 0.18
NCE technique 0.14 0.16

Table3: Similarity measurebasednthe NCBI taxomomyfor theglycolysispathvway:.

Technique
Ourtechnique 0.26
NCE technique 0.19

16SrRNA 0.22

Liao atal'stechnique| 0.16

Table4: Similarity measurebasednthe NCBI taxomomyfor the glycolysispathvay.

and anotherclusterwith TAC, TVO, SSO,PAI, APE, HAL. The eukaryotaare groupedin two clusters:
oneis composeddf the mammalsRNO, HSA, and MMU, andanotherone of the remainingeukaryota
DME, SCE,CEL, SPO,andATH. For thebacteriaafew clustersrepresenthe differentsubdvision of the
proteobacteriaOneclusterappearsvith the proteobacteriaK CC, BME, CCR, SME, ATU, andATC. All
the bacteriafrom the alphasubdvision arepresenin this cluster exceptMLO whichis in a uppercluster
Another clusterappearswith the proteobacterigammasubdvision VCH, STY, STM, ECS,ECO, ECJ,
ECE, and YPE. And anotherclusteris composedf the proteobacterialelta subdvision HPY, HPJ,and
CJE.Thefirmicutesaredividedin thetwo groupsbacillusandactinobacteriaThe firmicutesbacillusLIN,
LMO, TTE, SPNCAC, andLLA form oneof theseclusters;andthe firmicutesactinobacteri&&CO,MLE,
MTU, andMTC form the otherone.(Notethatthe datasebf 48 organismsdoesnotincludeexactly similar
pathways,andthereforesomeof the above clustersdo not exist there.)

We computedsimilarity measuredasedon the NCBI taxonomyusingthe cousinstool [49]. We also
obtainedohylogenetidreesfor the NCE (Numberof CommonEnzymes]15, 16,17] in whichthephyloge-
neticanalysisis basedon the numberof commonenzymesetweertwo organisms.We arenot comparing
our phylogenieswith the 16srRNA basedtreesfor the setof 48 and 72 organismssincethe 16s rRNA
sequencearestill unpublishedor someof the organisms. Table 3 shavs the similarity measuresf our
technigueand the NCE techniqueobtainedby usingthe NCBI taxonomyas the standard. Our method
outperformghe NCEtechnique.

5.1.2 Phylogenetictreesfor the datasetof 16 organisms

Figure5 depictsthe phylogenetidree computedor the setof 16 organisms.The two mycoplasmaViGE

andMGN have areally low distanceof 0.05andareclusteredogether They arethetwo closesirganisms.
The similarity measuresisingthe NCBI taxonomyasthe standardare shavn in table4 for our technique
andthreeothers: NCE, 16SrRNA, andLiao et al. Our methodoutperformsthe othertechniques.Table
5 shaws the similarity measuresvhenthe 16 STRNA treeis chosenasthe standard.Our methodagainst
obtainsthe bestalignment.

5.2 Phylogenetictr eesbasedon Kr eb's Citric Acid Cycle (TCA cycle)

The evolutionary origin of the Krebscitric acid cycle (Krebscycle) haslong beena modelin the under
standingof the origin andevolution of metabolicpathvays. Althoughthe chemicalstepsof the cycle are
presered intact throughoutnature,diverseorganismsmale diverseuseof its chemistry In somecases
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ECO

Figure5: Phylogenetidreefor 16 organismdouilt from comparisorof Glycolysispathvay.

Technique
Ourtechnique 0.27
NCE technique 0.18

Liao etal'stechnique| 0.12

Table5: Similarity measurebasednthe 16 SrRNA treefor the glycolysispathway.

18



PHO

H'N
CPN

L FNU
F —|—
SPN LLA
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Figure6: Phylogenetidreesbuilt usingthe Citric Acid Cycle pathwaysfor (a) 72 organismsand (b) 48
organisms.

organismsuseonly selectedportionsof the cycle. Experimentsvereperformedfor threedifferentsetsof
organismgdataset®f 72,48,and16 organisms).Theresultsarepresentechext.

5.2.1 Phylogenetictreesfor the datasetsof 72 and 48 organisms

Figure6 depictsthe phylogenetidreescomputedor the setsof 72 and48 organisms As in the caseof the
Glycolysispathway, scalingup from 72 to 48 organismgdid not affect therelative positionof the different
organismson the distancetrees. We canagainnoticethat organismswithin the samegenusare clustered
togetherin figure6(a),the E.coliandthesalmonellaorganism€ECO,ECJ,ECS,ECE,STY, andSTM have
thesameCitric Acid Cyclepathway andareclusteredogether Thatis alsothe casefor XCC andXFA, for
the chlamydiaCPN,CPJCPA, CTR,andCMU, for the mycobacteriaMTU andMTC, for the helicobacter
pylori HPY and HPJ, for the neisseriameningitidisNME and NMA, andfor the methanosarcin®MA
and MAC. We againfind separatelusterscorrespondingo the threedomainsof life. In figure 6(a), all
thearchaeaPAl, AFU, MJA, MTH, STO, SSO,HAL, TAC, TVO, andAPE aregroupedtogether All the
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Technique 72 organisms| 48organisms
Ourtechnique 0.25 0.27
NCE technique 0.24 0.28

Table6: Similarity measurebasedn the NCBI taxomomytreefor the Citric Acid Cycle pathvay.

SCE| AFU | MJA | AAE | TMA | MTU | TPA | CPN | SYN | DRA | BSU | HPY | MGE | MPN | HIN | ECO
SCE| 00 | 058 | 062 | 044 | 072 | 029 | 1.0 | 05 | 051 | 0.25| 0.19| 0.67| 1.0 1.0 0.5 | 041
AFU | 058| 00 | 021 | 025 | 046 | 041 | 1.0 | 048 | 0.37| 045 | 041 | 0.49| 1.0 1.0 | 059 | 0.6
MJA | 0.62| 0.21 | 0.0 0.3 045 | 042 | 1.0 | 053 | 041 | 049 | 045 | 0.64| 1.0 1.0 | 0.64| 0.63
AAE | 044 | 025 | 0.3 00 | 053 | 035 | 10 | 046 | 0.1 03 | 025] 044 | 10 1.0 | 0.55| 047
TMA | 0.72 | 0.46 | 0.45| 053 | 0.0 058 | 1.0 | 065 | 048 | 064 | 061 | 0.29 | 1.0 1.0 | 0.73 | 0.66
MTU | 0.29 | 041 | 042 | 0.35| 0.58 0.0 10 | 039 | 041 | 0.08 | 015 | 0.56 | 1.0 1.0 | 0.35| 0.26
TPA 1.0 1.0 1.0 1.0 1.0 1.0 0.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
CPN| 05 | 048 | 053 | 046 | 065 | 039 | 1.0 | 00 04 | 037 | 032 | 069 | 10 1.0 | 0.27| 041
SYN | 051| 037 | 041 | 0.1 048 | 041 | 10| 04 00 | 037 | 032 | 038 | 1.0 1.0 0.5 | 041
DRA | 0.25| 045 | 049 | 0.3 064 | 008 | 1.0 | 037 | 037| 0.0 | 0.07]| 0.59| 1.0 1.0 | 0.29| 0.19
BSU | 0.19| 041 | 045| 025 | 061 | 015 | 1.0 | 032 | 0.32| 007 | 00 | 055 1.0 1.0 | 0.33| 0.25
HPY | 0.67| 049 | 0.64 | 044 | 029 | 056 | 1.0 | 069 | 0.38 | 059 | 0.55| 0.0 1.0 1.0 0.7 | 0.61
MGE | 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 0.0 1.0 1.0 1.0
MPN | 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 0.0 1.0 1.0
HIN 05| 059 | 064| 055| 073 | 035 | 10| 027 | 05 | 0.29 | 0.33| 0.7 1.0 1.0 00 | 02
ECO | 041| 06 | 063 | 047 | 066 | 0.26 | 1.0 | 041 | 041 | 019 | 0.25| 0.61 | 1.0 1.0 0.2 | 0.0

Table7: Distancematrix for the datasebf 16 organismsausingthe Citric Acid Cycle pathvay.

eukaryotaDME, HSA, CEL, ATH, SCE,SPO,MMU, andRNO arealsogroupedin a separateluster A
few interestingclusteringsarefound for the bacteria. Oneclusteris composedf firmicutesBSU , SAU,
SAV, BHA, MTU, andMTC. A few clustersarecomposeaf proteobacterisguchastheclusterXCC, XFA,
NME, NMA, andPMU andthe clusterwith proteobacterialphasubdvision organismsBME, SME, and
ATC. In figure 6(b), we find a clusterwith organismsfrom the archaeadomain: MKA, AFU, MJA,MTH,
STO, HAL, TAC, PAIl, and APE and anotherclusterwith organismsfrom the eukaryotadomain: DME,
CEL,ATH, SCE,SPO,and MMU. For the bacteria,the firmicutesSAV, SAU, BHA, MTU are clustered
togetherandwe alsofind a clusterof proteobacteriavith XCC, RPR,NME, PMU, HIN, VCH, BME, RSO,
andYPE.

Table 6 shavs the similarity measuresf our techniqueandthe NCE techniqueobtainedby usingthe
NCBI taxonomyasthe standard. As we seein table 6, the similarity measuredor both techniquesare
similar.

5.2.2 Phylogenetictreesfor the datasetof 16 organisms

Table7 depictsthe distancematrix obtainedfrom our algorithmfor the setof 16 organismsconsideredy
Liao etal. [30]. Figure7 depictsthe phylogenetidree obtainedfrom this matrix. As canbe seen,TPA,
MGE, andMGN have no revealedCitric Acid Cycle andhave thereforea distancemeasureof 1 with all
the otherorganisms.In figure 7, the two archaeaAFU and MJA are clusteredtogetherthey have a high
similarity of 0.79. This similarity is the highestfor both. The proteobacterigammasudvision HIN and
ECOarealsoclusteredogetherandhave a similarity of 0.8. Thetwo closesibrganismsareBSU andDRA
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Figure7: Phylogenetidreesfor 16 organismdouilt from comparisorof Citric Acid Cycle pathvay.
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Technique
Ourtechnique | 0.42
NCEtechnique | 0.2

16SrRNA 0.22
Liao'stechnique| 0.16

Table8: Similarity measurebasedn the NCBI taxonomyfor the Citric Acid Cyclepathway:.

Technique
Ourtechnique | 0.23
NCE technique | 0.19
Liao'stechnique| 0.12

Table9: Similarity measurebasednthe 16 SrRNA treefor the Citric Acid Cycle pathvay.

(with a distanceof 0.08)andthey actuallybelongto the samesuperémily of Bacilluslipases.In the 16S
rRNA basedree,BSU andDRA aregroupedogether

Table8 shavs thesimilarity measuregusingthe NCBI taxonomyasthe standardjor our techniqueand
threeothers:NCE, 16SrRNA, andLiao etal. Our methodoutperformghe othertechniquesTable9 shavs
the similarity measuresvhenthe 16SrRNA treeis chosenasthe standard.Our methodagainobtainsthe
bestalignment.

5.3 Phylogenetictr eesbasedon carbohydrate & lipid metabolism

In our last setof experimentswe consideredwo larger groupsof pathways: the first wasthe group of
carbohydratenetabolicpathways,andthe secondvasthe groupof carbohydratendlipid metabolicpath-
ways. Carbohydratenetabolismis composedf the glycolysis, citrate cycle (TCA cycle), pentosephos-
phate,pentose and glucuronateintercowersionspathvays, and fructoseand mannosegalactoseascor
bateandaldaratepyruvate,glyoxylateanddicarboxylatepropanoatehutanoateC5-Branchedlibasicacid
metabolismsCarbohydratesene astheprimarysourceof enegy in thecell, andcarbohydratenetabolism
is centralto all metabolicprocessesLipid metabolismis composedf the fatty acid biosynthesigpath 1
andpath?), fatty acidmetabolismsynthesisanddegradatiorof ketonebodies sterolbiosynthesishile acid
biosynthesisC21-Steroichormonemetabolismandandrogerandestrogermetabolismpathways. Lipids
compriseoneof the mostimportantclasse®f comple« moleculegresenin animalcellsandtissuesLipid
diversityandlevelin thecells,tissuesandorgansaredeterminedy theprocessesf lipid metabolism(LM),
whichincludelipid transportconsumptiorandintracellularutilization, denovo synthesisgegradationand
excretion. The processesf lipid metabolisnrequirethe involvementof numerougroteinswith different
functions. Theseproteinstogetherwith their genesarethe component®f the LM system.Interestin the
LM systemis dueto its importantrole in thevital actiity of theorganismandto thefactthatthedistortions
in its functioningareamongthe cause®f differenthumandiseasesThe amountof experimentaldataon
differentpeculiaritiesof functioningof this systemhasgronvn enormously

The 8 organismsthat we consideredor this experimentare shavn in table 10. We alsoindicatethe
numberof enzymesresentfor eachorganismfor the two groupsof pathways. Tables11 and 12 depict
the distancematrix obtainedfrom our algorithmfor the two kinds of metabolisms.As we cansee,the
two archaeaAFU and MJA arethe two closestorganismswith a distanceof 0.55in (a) (and of 0.54in
(b)). They form a separateslusterin the phylogenetidrees. The two eukaryotaRNO andMMU arealso
groupedtogethemwith a distanceof 0.78in (a) (andof 0.8in (b)). RNO is the closestorganismto MMU.
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| Code | Organism D® | N | N§

RNO Rattusnonegicus Eukaryota 62 | 105
MMU Mus musculus Eukaryota 65 | 96
AFU Archaeoglobisfulgidus Archaea 45 | 54
MJA | Methanococcugnnaschii Archaea 32 | 39
NME Neisserianeningitidis ProteoBacteria | 60 | 68
HIN Haemophilusnfluenzae Proteobacteria | 75 | 83
LIN Listeriainnocua BacteriaFirmicute | 77 | 89
BSU Bacillussubtilis BacteriaFirmicute | 113 | 125

Table10: Setof eightorganisms

2 Domain;? N3 numberof enzymesn carbohydratenetabolism¢ N4 numberof enzymesn carbohydratandlipid metabolisms

CPE| MMU | RNO | AFU | MJA | NME | HIN | LIN
CPE | 0.0 | 089 | 0.86 | 0.88| 0.79 | 0.88 | 0.8 | 0.83
MMU | 0.89| 0.0 0.78 | 0.86 | 0.82 | 0.86 | 0.88 | 0.88
RNO | 0.86 | 0.78 00 | 0.84| 0.82| 0.82 | 0.87 | 0.82
AFU | 0.88| 0.86 | 0.84 | 00 | 055| 0.8 | 0.85| 0.86
MJA | 0.79| 082 | 0.82 | 055 | 0.0 | 0.82 | 0.71| 0.84
NME | 0.88| 086 | 082 | 08 | 0.82| 0.0 | 0.83| 0.82
HIN 08 | 088 | 087 | 0.85| 0.72| 083 | 0.0 | 0.79
LIN 0.83| 088 | 0.82 | 0.86 | 0.84 | 0.82 | 0.79| 0.0

Tablel1: Distancematrix for thedatasebf 8 organismausingcarbohydratenetabolism.

In bothtrees thebacteriaCPE,HIN andLIN areclusteredogether The ProteoBacteridNME hasa lower
distanceto the archaeaAFU and MJA. The threeof them belongto the Prokaryoteclassification. We
constructeghylogenetidreesfor theseorganismsusingour technique.Figure8 depictsthe phylogenetic
treescomputedor theseorganismausingthetwo pathway groups.

Finally, we evaluatedour techniqueandthe NCE techniquefor the two groupsof pathways. We mea-
suredthe correspondences the generateghylogeniedo the NCBI taxonomy The similarity measures
areshavn in table13. Thetreeobtainedwith our methodfor carbohydratenetabolismoutperformsall the
othertrees.As a point of comparisonye alsoshav the similarity measuresor treesconstructedisingour
methodfor the glycolysisandthe citric acid cycle pathvay. It is evidentthatstudyinga groupof metabolic
pathwaysinsteadof a singlepathway helpsin the constructiorof betterphylogenies.

6 Conclusion

We proposedtechniqueor constructingohylogenetidreesusingthe structurainformationinherentin the
metabolicpathwaysof differentorganisms.To this end,we presentec new graphcomparisoralgorithm
for computingthe evolutionary distancebetweentwo pathways. Sinceevolutionarydistanceis basedon
thedivergenceof the elementonstitutingthe pathwaysaswell asthe divergenceof the network structure,
we combineboththeseaspectsn formulatinga measuraf the distancebetweerpathways. The originality
of our graphtheoreticalapproactreliesin the combinationof topologicalsimilaritieswith the similarities
of the enzymegresenin the networks. This approachs usefulfor understandindpigherorderfunctions
encodedn the network of interactingenzymes. The effectivenessof our methodwas demonstratedby
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CPE| MMU | RNO | AFU | MJA | NME | HIN | LIN
CPE | 0.0 088 | 0.86 | 0.86 | 0.74 | 0.87 | 0.8 | 0.81
MMU | 0.88| 0.0 08 | 0.89 | 0.87| 0.87 | 0.87 | 0.88
RNO | 0.86| 0.8 0.0 | 0.87 | 0.78 | 0.83 | 0.86 | 0.82
AFU | 086 | 0.89 | 0.87 | 0.0 | 0.54| 0.78 | 0.85| 0.85
MJA | 0.74| 0.87 | 0.78 | 0.54 | 0.0 | 0.66 | 0.76 | 0.83
NME | 0.87| 087 | 0.83 | 0.78 | 0.66 | 0.0 08 | 0.8
HIN 0.8 087 | 0.86 | 0.85| 0.76 | 0.8 0.0 | 0.76
LIN 081| 088 | 0.82 | 0.85| 0.83| 0.8 | 0.76| 0.0

Table12: Distancematrix for the datasebf 8 organismsausingcarbohydratendlipid metabolisms.

MwJ
M
RNO
RNO
AFU
NVE
MIA
CPE —
NVE
H' N
H N
LIN
LIN
AFU
CPE
MIA
(a) Carbohydratenetabolism (b) CarbohydratendLipid metabolisms

Figure 8: Phylogenetidreesfor the datasetof 8 organismsbuilt from comparisonof (a) carbohydrate
metabolismand(b) carbohydrateandlipid metabolisms.
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Technique
Ourtechniquéor Carbohydratenetabolism 0.93
Ourtechniqueor CarbohydratendLipid metabolisms| 0.71
NCE techniquefor Carbohydratenetabolism 0.71
NCE techniquefor CarbohydratendLipid metabolisms| 0.71
Ourtechniqudor Glycolysispathway 0.75
Ourtechniqueor Citric Acid Cycle 0.57

Table13: Similarity measurebasecn the NCBI taxonomyfor the datasebf 8 organisms.

applyingit to a numberof pathways: Glycolysis,Citric Acid Cycle, Carbohydrat@ndLipid metabolisms.
The clusteringof organismsn theresultingphylogenetidreeswasconsistentvith the NCBI taxonomyat
numeroudevels. In orderto comparehe quality of our phylogenetidrees we useda similarity metricthat
comparedurtreeswith existing standards.

Ourexperimentsofar have considereanly thereactiontypesof theenzymesn definingnodesimilar
ity. In the future,we will experimentwith othernotionsof distance(viz. sequence/structummilarity) in
theproposedesearch.

Our algorithmfor computingsimilarity betweengraphscanbe extendedby includinginformationon
the edges(in additionto the information on the nodes)of the graph. The edgelabelscan be basedon
the relationshipbetweentwo enzymesin the enzymegraph, suchas the chemicalcompoundsharedby
the reactionsactivated by the enzymes. Similarity betweenchemicalcompoundscan be definedby the
“similarity” of their chemicalformula. Otherinformationconcerninghe metabolicpathways suchasthe
inhibitory feedbackinteractioncouldalsobeincludedduringgraphcomparison.

We consideredsomesmallgroupsof pathwaysin derving the phylogenetidrees.It shouldbe possible
to extendthis analysisby consideringthe whole metabolicnetwork. This type of analysiswill usemore
informationon thefunctionalrolesandrelationship®f theenzymegresenin the metabolicnetworks. We
caneitherconstructsingletreefor theentiremetabolicnetwork, or combinetreesfrom differentmetabolic
pathwaysinto a singleconsensusree[46].

Our algorithmcanalsobe usedin the scoringof predicted(Computationally-devied) metabolicpath-
ways. The new pathway could be comparedandalignedto existing pathwaysusingour algorithmto judge
its validity.
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7 Appendix

The similarity measurebetweennodesof graphsdefinedin section4 canbe computedasthe principal
eigewvectorof somematrix. Themathematicaprooffollows.

Usingthe adjaceng matricesA and B of G; andG5 respectiely, we canrewrite thetermsA; to A4 and
D, to D, of sectiord asa productof matrices.

k _ _ _ _
A® = D11 ATSFBD1, Y + D2,k (I, — AT)S¥(I, — B)D2; ), (24)

wherel; isan; x ny matrixcomposeaf only 1, I isans x ny matrixcomposeaf only 1.

D1;,4 is any x ny diagonalmatrix with D1;,4(a,a) (e € G1) astheindegreeof nodea if this inde-
greeis differentto 0 and 1 otherwise. D2;, 4 is a diagonalmatrix with DZ;}A(a, a) = nfl (@ € G1)
if degin(a) = 0 andD2;",(a,a) = 0 otherwise.D1;,p is any x ny diagonalmatrix with D1;,5(b, b)
(b € G2) astheindegreeof nodeb if this indegreeis differentto 0 and1 otherwise.D2;,p is a diagonal
matrixwith D2; 12 (b,0) = ny ' (b € Ga) if degin(b) = 0 andD2;, %, (b, b) = 0 otherwise.

(k) _ -1 kT Hq—1
As _DloutAAS B Dlout

p+D2, L (I — A)S*(I, - BT)D2, |, (25)
whereD1yy14, D1gyis, D2out4 andD2,,:p arethe correspondingnatricesof D1;, 4, D1, D2ina

andDz2;, g respectiiely for theoutdgyree.

+D2 L. ATS*BD2"!

notin A notinB

AP =p1L (I, — AT)S¥(I, — B)D1}

notinA notinB

(26)

whereD1,,0tin 4, DlnotinB, D2notina @nd D2,,,:p arethe correspondingnatricesof D1;,4, D1;,5,
D2;, 4 andD2;, g respectiely for thematricesl; — A andl, — B.

AP = D1 a(l = A)SH (I = BYYDY s + D200 aAS BT D2 (27)
D = p1-Y AT Sk (I, — B)D1L. .+ D2 (I — AT)S*BD2 L. (28)
DY = D173, 4 (I — AT)S*BD1LY, + D25, AT (I — B)D2,) (29)

ng) = Dlo_ultAASk(I2 - BT)Dl;oltoutB + D2o_u1tA(I2 - A)SkBTDZ';oltoutB (30)
Az(ik) = DlgoltoutA(Il - A)SkBTDlo_ultB + D21§oltothASk(I2 - BT)D2o_ultB (31)

andtheequation(12) becomes

SE+D = 174 x (AP + AP 1+ AP + AP — DM — pP — D) — Di’”) o+ Sim(a,b)  (32)
where.x is the element-wisemultiplicationbetweermatrix.

We redefinethe similarity matrix S asan;.ns x 1 vectorSV = vec(ST) usingthe operatowec, where
S(a,b) = SV((a — 1) * ng + b,1) (the nodea hasanindex betweenl andn; andthe nodeb hasan
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index betweerl andn,). Theoperatowec satisfieshe propertyvec(UXV) = (VT ® U)vec(X) where®
representhe Kronecler productbetweematricegseeLemma4.3.1in [22]). Therecurrencequationsan
bereexpressedy thesimpleform

C.SVk

SVO = wec(Sim), SV D) = 727
(Sim) 1.5V,

(33)

whereC' isaning X nine matrix definedby

C =1/4 x SIM x (Dlz._nlAAT ® D1; BT + D2; Y (I — AT) ® D2}, (I, — BY)

+D10utAA &® DloutBB + D2;z}tA(Il A) &® D2outB (I2 - B)

T T T T

+D1noth( -4 ) ® Dlnoth (I2 - B ) + D2nothA ® D2nothB
+D1notoutA (I1 A) ® DlnotoutB (I2 - B) + D2notoutAA ® D2notoutBB
Dlz_nAAT &® Dlnoth (IQ - BT) D2z_nA(I1 AT) ® DZnothBT

DI;UtWA(Il A ) ® Dli_nlBBT ngothAT ® D2z_nB(I2 - BT)
-D1,)}

outAA ® DlnotoutB(I2 - B) - D2;u1tA(Il - A) ® D2, B

notoutB

-p1-}L

1 _
notoutA(I A) ® DloutBB D2

notoutA

(h - 4) © D2, B)
andSTM isaning X ning diagonamatrixwith SIM ((a — 1) xng + b, (a — 1) *ng + b) = Sim(a,b).

Thecomputatiorof thesimilarity valuesbetweerevery pairof nodey(a, b) is thereforeequivalentto the
computatiorof the principaleigervectorof thematrix C' definedin (34) usingthe powver method.

To insurecorvergenceof theiterationsof the pover method the algebraiamultiplicity of the principal
eigevalue p of the matrix C needgo be equalto one[21]. In this casethe matrix hasa uniqueprincipal
eigewvectorandtheiteratve procescorvergesto the solutionafterfew iterations.Determiningfrom a ma-
trix if its principal eigevalue p is uniqueis not an easyprocess.Neverthelessa few propertiesfrom the
Theoryof Matrix handlesomespecialcases.Whenthe matrix C' is irreductible,by the Perron-Frobenius
theory theprincipaleigervaluehasa multiplicity of 1 [21]. In this casetheiterationswill alwaysconveme.
In the caseof symmetricnonngative matrix C, BlondelandVanDoorenstatein [7] thatthe subsequences
SV (k) and SV (2k+1) definedfrom the sequenceV *¥+1) = C.SV*/ || C.SV* ||, corverge both. When
—p is notaneigemwalueof thematrix C thenthe sequenc&V,, simply corverges.

For the enzyme-enzymeelationalgraphs,the matrix C' is symmetricnonngative whenthe reactions
in the metabolicpathvays are consideredhsreversible. Indeed,in this casethe enzymegraphsbecome
undirectedand the adjaceng matricesassociatedo them are symmetric. Whenthe graphsG; and G,
are undirected the matricesA and B are symmetric(A” = A andB” = B) andD1;,4 = Dlgya,
D2ina = D2oyta, Dlinp = Doy, D2inp = D2outB, Dlnotina = Dlnotoutas D2notina = D2notouta,
D1,0tinB = DlnotoutBr D2notinB = D2n0t0utB- By theproperties{A + B)T = AT + BT and(A ® B)T =
AT ® BT, we canseethatin caseof undirectecdyraphsthe matrix C is symmetricandnonnegjative.
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